A manifold M with a foliation F is minimizable if there exists a Riemannian metric g on M such that every leaf of F is a minimal submanifold of ðM; gÞ. For a closed manifold M with a Riemannian foliation F, Á lvarez Ló pez [1] defined a cohomology class of degree 1 called the Á lvarez class whose triviality characterizes the minimizability of ðM; FÞ. In this paper, we show that the family of the Á lvarez classes of a smooth family of Riemannian foliations on a closed manifold is continuous with respect to the parameter. The Á lvarez class has algebraic rigidity under certain topological conditions on ðM; FÞ as the author showed in [21] . As a corollary of these two results, we show that under the same topological conditions the minimizability of Riemannian foliations is invariant under deformations.
Introduction
The minimizability of Riemannian foliations. The minimizability of general foliations is characterized in terms of dynamical tools, for example, foliation cycles (Sullivan [26] ) or holonomy pseudogroups (Haefliger [12] ). On the other hand, remarkably, the minimizability of Riemannian foliations has a strong relation with the topology of manifolds. For example:
The minimizability of an orientable Riemannian foliation of codimension q on an orientable closed manifold is characterized by the non-triviality of the basic cohomology of degree q by a theorem of Masa [14] (see Reinhart [23] , Section 2, or Molino [19] , Section 2.3, for the definition of the basic cohomology).
For a Riemannian foliation on a closed manifold, Á lvarez Ló pez [1] defined the Á lvarez class, which is a basic cohomology class of degree 1 whose triviality characterizes the minimizability (see Definition 13) .
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In particular, this characterization of the minimizability by Á lvarez Ló pez implies that every Riemannian foliation on a closed manifold with zero first Betti number is minimizable. This is a generalization of a theorem of Ghys [11] on the simply connected case.
A Riemannian foliation F on a closed manifold M is minimizable if p 1 M is of polynomial growth and F is developable by a result of the author [20] .
In this paper, we show that the Á lvarez classes of a smooth family of Riemannian foliations on a closed manifold are continuous with respect to the parameter. Combining this result with a rigidity theorem of the Á lvarez class in Nozawa [21] , we obtain the invariance of the minimizability of Riemannian foliations under deformations under the topological conditions in [21] , which implies an algebraic rigidity of Á lvarez class there (see Corollary 4 below).
Note that the invariance of the minimizability under deformations does not hold for general foliations. We present examples of families of foliations in Section 8 to describe the situation.
A continuity theorem of the Á lvarez class. Our main result is as follows: Let M be a closed manifold. Let U be an open neighborhood of 0 in R l . Let fF t g t A U be a smooth family of Riemannian foliations on M over U (see Definitions 11 and 12) . Theorem 1. The Álvarez class xðF t Þ of ðM; F t Þ is continuous in H 1 ðM; RÞ with respect to t.
Let us mention why Theorem 1 does not follow from the definition of the Á lvarez class or the classical deformation theory. By definition, the Á lvarez classes of ðM; F t Þ are represented by the closed 1-form obtained by orthogonally projecting the mean curvature form of ðM; F t ; g t Þ to the space of basic 1-forms on ðM; F t Þ for any bundle-like metric g t on ðM; F t Þ. But the space of basic 1-forms on ðM; F t Þ changes discontinuously with respect to t in the space of 1-forms on M, when the dimension of closures of generic leaves changes. Because of this discontinuity of the spaces of basic 1-forms, we cannot obtain a continuous family of closed 1-forms which represents the Á lvarez classes directly from the definition. Furthermore, this discontinuity of the spaces of basic 1-forms breaks the continuity of the domains of the families of basic Laplacians. Thus we cannot apply the classical technique of deformation theory using smooth families of self-adjoint operators to show Theorem 1, at least directly.
Let us mention why Theorem 1 does not follow from the interpretation of the Á lvarez class in terms of the holonomy homomorphism of Molino's commuting sheaf of ðM; F t Þ by a theorem of Á lvarez Ló pez [2] . If the dimension of closures of generic leaves changes, the ranks of the family of Molino's commuting sheaves as flat vector bundles change as well. Hence the family of Molino's commuting sheaves is not smooth as a family of flat vector bundles, and we cannot prove the continuity directly from the result of [2] .
To prove Theorem 1, we will take a suitable representativek k b of the Á lvarez class at t ¼ 0, which we will call theF F-integrated component of the mean curvature form. Then we will approximate the Á lvarez class by non-closed 1-forms (see Section 6.3). Some technical considerations on Riemannian foliations will be needed to take the representativek k b of the Á lvarez class at t ¼ 0 in Section 5, which is the main part of this article.
Deformation of minimizable Riemannian foliations. Combining Theorem 1 with the characterization of the minimizability by the triviality of the Á lvarez class by Á lvarez Ló pez [1] , we have Corollary 2. In parameter spaces of smooth families of Riemannian foliations on closed manifolds, the subsets consisting of parameters corresponding to minimizable Riemannian foliations are closed.
This corollary is not true for general foliations as we will see in Example 8.2.
A foliation F is defined to be of polynomial growth if the fundamental group of every leaf of F is of polynomial growth. A group G is polycyclic if there exists a sequence fG i g n i¼1 of subgroups of G such that G 0 ¼ G, G n ¼ f1g, G iÀ1 . G i and G i =G iþ1 is cyclic for every i. Let ðM; FÞ be a closed manifold with a Riemannian foliation. If p 1 M is polycyclic or F is of polynomial growth, then the integration of the Á lvarez class of ðM; FÞ along every closed path on M is the exponential of an algebraic integer by a result of the author [21] . By the totally disconnectedness of the set of algebraic integers in R, we have the following corollary of Theorem 1: Let M be a closed manifold. Let U be a connected open neighborhood of 0 in R l . Let fF t g t A U be a smooth family of Riemannian foliations on M over U (see Definitions 11 and 12) . Corollary 3. If p 1 M is polycyclic or F t is of polynomial growth for every t, then xðF t Þ ¼ xðF 0 Þ in H 1 ðM; RÞ for every t.
The Á lvarez class changes non-trivially for examples of families of solvable Lie foliations constructed by Meigniez [16] (see also [17] ) as we mentioned in [21] . Hence Corollary 3 is not true in general. By the characterization of the minimizability by the triviality of the Á lvarez class by Á lvarez Ló pez [1] and Corollary 3, we have Corollary 4. If p 1 M is polycyclic or if F t is of polynomial growth for every t A U, then one of the following holds:
(i) For every t in U, ðM; F t Þ is minimizable.
(ii) For every t in U, ðM; F t Þ is not minimizable.
Note that F is always of polynomial growth if dim F ¼ 1. Hence for Riemannian flows, the minimizability is invariant under deformations. As noted above, the invariance of the minimizability under deformations is not true for general foliations. For Riemannian foliations, it is not clear if the minimizability is invariant under deformations in general. We ask Question 5. Is the minimizability of Riemannian foliations on closed manifolds invariant under deformations? Let ðM; FÞ be a closed 4-manifold with a GAð1Þ-Lie foliation (see Section 3 for terminologies on Lie foliations). By a theorem of Matsumoto and Tsuchiya [15] , ðM; FÞ is a homogeneous GAð1Þ-Lie foliation up to a finite covering. In particular, p 1 M is isomorphic to a finite index subgroup of a lattice in a connected simply connected solvable Lie group. It is well known that a lattice of a connected simply connected solvable Lie group is polycyclic (see Raghunathan [22] ). Since it follows from definition that every subgroup of a polycyclic group is polycyclic, p 1 M is polycyclic. On the other hand, a GAð1Þ-Lie foliation on a closed manifold is non-minimizable, and an R 2 -Lie foliation on a closed manifold is minimizable. In fact, the following is true: Proposition 6. A G-Lie foliation F on a closed manifold M is minimizable if and only if both G and K are unimodular, where K is a simply connected Lie group whose Lie algebra is the structural Lie algebra of the Lie foliation on the closure of a leaf of F. Proposition 6 follows from a generalization of a theorem of Masa [14] by Á lvarez Ló pez [1] In dimensions lower than 4, Corollary 7 is easily confirmed to be true as a consequence of classification of Riemannian foliations. In higher dimensions, it is not clear whether or not a similar result is true.
The invariance of basic cohomology of Riemannian foliations under deformations. Let U be a connected open neighborhood of 0 in R l . Let fF t g t A U be a smooth family of Riemannian foliations of codimension q on M over U. The dimension of the basic cohomology H q b ðM=F t Þ of degree q is either 1 or 0 by a result of El Kacimi, Sergiescu and Hector [8] . As remarked by Á lvarez Ló pez in the proof of Corollary 6.2 of [1] , the triviality of the Á lvarez class directly implies the non-triviality of H q b ðM=F t Þ. Hence Corollary 4 is paraphrased to
This corollary gives a partial positive answer to the following question asked by the author at the 8th International Colloquium on Di¤erential Geometry at Santiago de Compostela (see [3] ): Question 9. Is the basic cohomology of Riemannian foliations invariant under deformations?
The component of the basic cohomology of the degree equal to the codimension of Riemannian foliations is invariant under deformations if and only if the answer to Question 5 is true. We note that the answer to Question 9 is negative in degree lower than the codimension of Riemannian foliations. We present a simple counterexample in Example 7.4.
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Basic definitions
2.1. Families of foliations. We use the terminology from Molino [19] . We recall the definition of some basic terminology here to avoid confusion. Let ðM; FÞ be a foliated manifold. By the integrability of F, the Lie bracket on C y ðTMÞ induces the Lie derivative with respect to vector fields tangent to the leaves, C y ðTFÞ n C y À n r ðTM=TFÞ nn s ðTM=TFÞ Ã Á ! C y À n r ðTM=TFÞ nn s ðTM=TFÞ Ã Á for all non-negative integers s and r.
Definition 10. (i) An element X of C y ðTM=TFÞ is called a transverse field on ðM; FÞ if L Y X ¼ 0 for every Y in C y ðTFÞ. A vector field Y on M is called a basic vector field if Y is mapped to a transverse field by the projection C y ðTMÞ ! C y ðTM=TFÞ.
(ii) An element g of C y À n 2 ðTM=TFÞ Ã Á is called a transverse metric if the following three conditions are satisfied:
(1) gðY ; ZÞ ¼ gðZ; Y Þ for every Y and Z in C y ðTM=TFÞ,
(2) L X g ¼ 0 for every X in C y ðTFÞ, and (3) g x ðZ; ZÞ > 0 for every point x on M for every non-zero vector Z in T x M=T x F.
A Riemannian metric g on M is called a bundle-like metric if the restriction of g to n 2 ðTFÞ ? is a transverse metric under the natural identification of n 2 ðTFÞ ? with n 2 ðTM=TFÞ.
(iii) Let q be the codimension of ðM; FÞ. A transversal parallelism of ðM; FÞ is a q-tuple of transverse fields X 1 ; X 2 ; . . . ; X q on ðM; FÞ such that fðX 1 Þ x ; ðX 2 Þ x ; . . . ; ðX q Þ x g is a basis of T x M=T x F at each point x on M.
We recall the definition of smooth families of foliations with transverse structures. Let U be an open set in R l which contains 0. Let M be a smooth manifold. Definition 11. A smooth family of p-dimensional foliations of M over U is defined by a p-dimensional smooth foliation F amb of M Â U such that every leaf of F amb is contained in M Â ftg for some t.
For t in U, let F t be the foliation of M Â ftg defined by the collection of the leaves of F amb contained in M Â ftg. Families of foliations are written as fF t g t A U throughout this paper. ðnFÞ amb denotes the vector bundle over M Â U defined by the kernel of the map TðM Â UÞ=TF amb ! TU induced by the di¤erential map of the second projection M Â U ! U. We call ðnFÞ amb the family of normal bundles of fF t g t A U . Note that ðnFÞ amb j MÂftg is the normal bundle of the foliation F t of M Â ftg for each t. (ii) A smooth family of transversely parallelizable foliations of codimension q of M over U is a pair of a smooth family fF t g t A U of foliations of M of codimension q and a q-tuple of global sections X 1 amb ; X 2 amb ; . . . ; X q amb of ðnFÞ amb such that
is a transverse parallelism of ðM Â ftg; F t Þ for each t.
The Á lvarez class.
We recall the definition of the Á lvarez class of a closed manifold with a Riemannian foliation by Á lvarez Ló pez [1] . We restrict ourselves to the case of oriented manifolds. The definition in the non-orientable case is done by lifting the foliation to the orientation cover as in [1] . Let ðM; FÞ be an oriented closed manifold with a Riemannian foliation. We fix a bundle-like metric g on ðM; FÞ. We have a direct sum decomposition
with respect to the metric induced by g, where C y b ð5 k T Ã MÞ is the space of basic k-forms on ðM; FÞ. Let r F be the first projection
We denote the mean curvature form of ðM; F; gÞ by k (see, for example, Candel and Conlon [4] , Section 10.5, for the definition of the mean curvature form of ðM; F; gÞ).
Definition 13. For an oriented closed manifold M with a Riemannian foliation F, we define a basic 1-form k b on ðM; FÞ by
and call k b the Á lvarez form of ðM; FÞ. This k b is closed by Á lvarez Ló pez [1] , Corollary 3.5. We define the Á lvarez class of ðM; FÞ by the cohomology class of k b in H 1 ðM; RÞ. We denote the Á lvarez class of ðM; FÞ by xðFÞ.
Let H 1 b ðM=FÞ be the basic cohomology group of degree 1 of ðM; FÞ (see Reinhart [23] , Section 2, or Molino [19] , Section 2.3, for the definition of the basic cohomology). Á lvarez Ló pez defined the Á lvarez class as an element of H 1 b ðM=FÞ in [1] . Since the canonical map H 1 b ðM=FÞ ! H 1 ðM=FÞ is injective as easily confirmed by definition, Definition 13 gives the essentially same data as in [1] .
The simple proof of the following lemma is due to a comment of Á lvarez Ló pez to the author: Lemma 14. Let ðM 1 ; F 1 Þ be a closed manifold with a Riemannian foliation. Let p : M 2 ! M 1 be a finite covering, and let F 2 ¼ p Ã F 1 , which is a Riemannian foliation on M 2 . Then we have xðF 2 Þ ¼ p Ã xðF 1 Þ.
Proof. We take a bundle-like metric g 1 on ðM 1 ; F 1 Þ. Then p Ã g 1 is a bundle-like metric on ðM 1 ; F 1 Þ. We consider orthogonal decompositions
with respect to the metric induced by g 1 and p Ã g 1 , respectively. By definition of metrics, we have
Let r F 1 and r F 2 be the first projections on decompositions (4) and (5), respectively. These equalities imply
Let k i be the mean curvature forms of ðM i ; F i Þ with respect to g 1 and p Ã g 1 , respectively. We get k 2 ¼ p Ã k 1 . By (8), we get
Fundamentals of Lie foliation theory
We summarize the fundamental facts of Lie foliation theory due to Fedida [10] and [9] (see also Molino [19] , Section 4.2, or Moerdijk and Mrčun [18] , Section 4.3.1) to use in Sections 5 and 6.
Let G be a connected Lie group. Recall that a G-Lie foliation is a foliation with a transverse ðG; GÞ-structure, where G acts on G by the right multiplication. A G-Lie foliation has a structure of G 0 -Lie foliation for any covering group G 0 of G, as is easily confirmed. Thus we will assume the simply connectedness of G throughout this paper. We recall the following (III) Recall that the Maurer-Cartan form y on G is a LieðGÞ-valued 1-form on G defined by y g ðvÞ ¼ ðR g Þ Ã v for g in G and v in T g G, where R g is the right multiplication map by g. 
j¼1 be a basis of LieðGÞ. Let fo i g q i¼1 be the dual basis of LieðGÞ Ã . Let o i be the 1-form on M induced from a p 1 ðM; x 0 Þ-invariant 1-form dev Ã o i on M univ . Let X j be the vector field on M orthogonal to TF such that o i ðX j Þ ¼ d ij for each i and j, where d ij is the Kronecker delta. Then fX j g q j¼1 is clearly a transverse parallelism of ðM; FÞ. Here, the Maurer-Cartan form W of ðM; FÞ is given by the equation
Reduction to the orientable transversely parallelizable case
We reduce the proof of Theorem 1 to the case where fF t g t A U is a family of transversely parallelizable foliations.
Let fF t g t A U be a smooth family of Riemannian foliations of codimension q of a closed manifold M over U. Clearly we can assume that U is contractible without loss of generality. Let FrðnFÞ amb be the family of the frame bundles associated with the family ðnFÞ amb of vector bundles on M. The metric g amb on ðnFÞ amb determines an OðqÞ-reduction OðnFÞ amb of FrðnFÞ amb . We denote OðnFÞ amb j MÂf0g by OðnFÞ 0 . Since OðnFÞ amb is the total space of an OðnFÞ 0 -bundle over a contractible base space U, we can trivialize OðnFÞ amb as OðnFÞ amb G OðnFÞ 0 Â U. By the standard construction of the Molino theory, we have the following lemma: Proof. Let fðV l ; f l Þg be a Haefliger cocycle defining a foliation F amb of M Â U. Then ÈÀ OðnFÞ amb j V l ; df l ÁÉ is a Haefliger cocycle on OðnFÞ amb , where df l is the map induced on the frame bundle by f l . We define a foliation G amb of OðnFÞ 0 Â U pushing out the foliation of OðnFÞ amb defined by the Haefliger cocycle ÈÀ OðnFÞ amb j V l ; df l ÁÉ by the trivialization OðnFÞ amb G OðnFÞ 0 Â U.
For each t, we can construct a transversely parallelism of À OðnFÞ 0 Â ftg; G t Á from the transverse Levi-Civita connection on OðnFÞ amb j MÂftg and the canonical 1-form on the frame bundle OðnFÞ amb j MÂftg as in Section 5.1 of Molino [19] or Theorem 4.20 of Moerdijk and Mrčun [18] . Since the transverse Levi-Civita connections and the canonical 1-forms on À OðnFÞ 0 Â ftg; G t Á are smooth with respect to the parameter t, we have a smooth family of transverse parallelisms. r Lemma 17. If xðG t Þ is continuous with respect to t, then xðF t Þ is also continuous with respect to t.
Proof. Let p : OðnFÞ 0 Â U ! M Â U be the projection. By Lemma 7 of Nozawa [21] , we have ðpj OðnFÞ 0 Âftg Þ Ã xðF t Þ ¼ xðG t Þ for each t. Since
is injective, the continuity of xðF t Þ follows from the continuity of xðG t Þ. r (ii) M and the basic fibration of F 0 are orientable. Moreover if we have another folia-tionF F on M, we can assume thatF F is also orientable.
Here,F F in the statement of (ii) will beF F 0 which appears in Section 6.2. For the proof of Lemma 18, we note that the finite covering p : M 1 ! M 2 induces an injection p Ã : H 1 ðM 1 ; RÞ ! H 1 ðM 2 ; RÞ. Then p Ã : H 1 ðM 2 ; RÞ ! H 1 ðM 1 ; RÞ is injective by the Poincaré duality for closed manifolds M 1 and M 2 .
5.
A representativek k b of the Á lvarez class 5.1. Definition of theF F-integrated componentk k b of the mean curvature form. We will define theF F-integrated componentk k b of the mean curvature form for transversely parallelizable foliations in a way similar to that of the definition of the Á lvarez form k b for transversely parallelizable foliations in Á lvarez Ló pez [1] . Let ðM; FÞ be a closed manifold with a transversely parallelizable foliation. Let q ¼ codðM; FÞ. We take a transverse parallelism fX j g codðM; FÞ j¼1 of ðM; FÞ. Let fo i g q i¼1 be the set of basic 1-forms on ðM; FÞ such
Assume that we have the following diagram:
where p b : M ! W is the basic fibration of ðM; FÞ and pF F is a submersion. Recall that the basic fibration of ðM; FÞ is a fiber bundle whose fibers are closures of leaves of ðM; FÞ. We denote the foliations of M defined by the fibers of p b and pF F by F b andF F, respectively. From now on we denote W and V by M=F b and M=F F, respectively.
We assume that M and the fiber bundle pF F are orientable. We fix a bundle-like metric g on ðM; FÞ. Then we define a map rF F by
is the integration along the fiber of pF F with respect to the fixed orientation and volF F is the fiberwise volume form of pF F determined by the metric g. Note that we have a direct sum decomposition
and rF F is the first projection like in the case of r F . Definition 19. We define theF F-integrated componentk k b of the mean curvature form k of ðM; F; gÞ with respect to the transverse parallelism fo i g q i¼1 bỹ
It is the situation originally considered in Á lvarez Ló pez [1] .
Note that rF F depends on the choice of the transverse parallelism fX j g q j¼1 . This is different from the case of r F , which is determined only by the metric g. We remark that there will be a natural choice of fo i g q i¼1 , when we apply this construction in Section 6. Note that
by definition.
Note thatk k b may not be closed, while the Á lvarez form k b is closed by Corollary 3.5 of Á lvarez Ló pez [1] . We do not definek k b for the case where M or pF F is not orientable. This is because it is not used in this paper.
5.2.
The statement of Proposition 21. We will state Proposition 21, which asserts that the Á lvarez class of ðM; FÞ is represented byk k b under certain conditions. These conditions will be naturally satisfied in our application in Section 6. The proof of the essential part of Proposition 21 occupies the rest of this section.
In this section we continue to use the notation defined in Section 5.1. Let d 1; 0 be the composition of the de Rham di¤erential and the projection
Lemma 20. If each leaf of ðM;F FÞ is minimal with respect to g, then the function ÐF F volF F on the leaf space M=F F is constant.
Proof. By the assumption, we have kF F ¼ 0. By Rummler's formula (see the second formula in the proof of Proposition 1 in Rummler [24] or Candel and Conlon [4] , Lemma 10.5.6), we have
Here the second equality follows from the degree counting of the di¤erential forms. r Proposition 21. We assume that M,F F and the basic fibration p b of ðM; FÞ are orientable. We also suppose the following:
(a) The fixed bundle-like metric g on ðM; FÞ is bundle-like also with respect toF F.
(b) Each leaf of ðM;F FÞ is minimal with respect to g.
(c) We define functions c jk i on M by
Then c jk i jL L is a constant for each fiberL L of pF F .
(d) Let projF F : C y ðTM=TFÞ ! C y ðTM=TF FÞ be the canonical projection. Then projF F X i is a transverse field on ðM;F FÞ for each i.
Then we have
We will show (i) here. Statement (ii) will be shown at the end of this section.
Proof of Proposition 21 (i). By Lemma 20, the function p ÃF
and
By condition (c), we have
Using (15), (16) and (3), in this order, we havẽ
We thus get
Here we used (22) in the first equality. The second equality follows from the combination of (13), (19) and (20) . We used the commutativity of the integration along the fiber with d in the third equality. The fourth equality follows from the equations (13) and (21) . We have
Here, in the first equality, we combined the first and the third terms. The second equality follows from degree comparison. The third equality follows from (20) and Rummler's formula (see the second formula in the proof of Proposition 1 in Rummler [24] or Candel and Conlon [4] , Lemma 10.5.6).
The first term of the last line is 0, because k b is closed by Á lvarez Ló pez [1] , Corollary 3.5. Since kF F is 0 by condition (b), the second term is also 0. Hence (i) is proved. r
] on the fibers of pF F . We will show a lemma which will be used in the proof of Proposition 21 to show that the restriction of xðFÞ and ½k k b to the fibers of pF F are equal. Here, a will be considered to be xðFÞ À ½k k b in the application in Section 5.6.
Lemma 22. Assume that conditions (a) and (b) of Proposition 21 are satisfied. Let M 0 be an orientable submanifold of M which is a union of fibers of pF F . Let ff t g t A ½0; 1 be the flow on M 0 generated by a vector field X on M 0 . Assume that o i ðX Þ is constant on each fiber of pF F for each i. Then we have
where g x is the orbit of x of ff t g t A ½0;1 , and vol M 0 is the volume form on M 0 determined by g.
on M 0 is constant by condition (b) and Lemma 20. We take a real number C and functions h i on M as in (19) and (20) . Then we have
Here, we used (22) in the first equality. We used (13) and (20) in the second equality.
By the assumption, o i ðX Þ is constant on the fibers of pF F . Then we have
By condition (a), we have that
The proof of Lemma 22 is completed. r
We fix a point x 0 in M. LetF F be the fiber of pF F containing x 0 . Let
We assume that condition (d) of Proposition 21 is satisfied. We define transverse fields
where we choose a non-degenerate matrix ða j i Þ 1ejeq; 1eieq so that
RðY j jF F Þ of the Lie algebra of transverse fields on ðF F ; FjF F Þ by g. Then:
Lemma 23. Assume that conditions (c) and (d) of Proposition 21 are satisfied.
(i) g is a Lie subalgebra of the Lie algebra of transverse fields on ðF F ; FjF F Þ.
(ii) ðF F ; FjF F Þ is a Lie foliation.
Proof. Let us prove (i). We take basic 1-forms z i by z i ðY j Þ ¼ d ij , where d ij is the Kronecker delta. By condition (c), we have
where c jk i are functions on M whose restrictions toF F are constant. Clearly, we have
For any transverse field Z on ðM; FÞ, we have Z ¼
Recall the notation qF F ¼ codðF F ; FjF F Þ. Consider the case of 1 e j < k e qF F . Note that ½Y j ; Y k is also tangent toF F at every point onF F because Y j and Y k are tangent toF F at every point onF F . Then c jk i must be 0 for qF F þ 1 e i e q by (28), because Y qF F þ1 ; . . . ; Y q are not tangent toF F at x 0 . Hence ½Y j ; Y k is contained in g. Thus (i) is proved.
Let us prove (ii). Here, g is a Lie algebra by (i). We define a g-valued 1-form W onF F by
for every point x onF F and every j. For the proof of (ii), it su‰ces to show that W satisfies the Maurer-Cartan equation dW þ 1 2 ½W; W ¼ 0 by (III) and (IV) of Section 3. This is proved in a way similar to the argument of Moerdijk and Mrčun [18] , Theorem 4.24, as follows: For 1 e j < k e qF F , we have
In the second equality, we used the equality Wð½Y j ; Y k Þ ¼ ½WðY j Þ; WðY k Þ which follows from the definition of W. The last equality follows from the fact that the g-valued functions 
for the flow ff t g t A ½0; 1 onF F generated by every vector field X such that o i ðX Þ is constant oñ F F for each i, where g x is the orbit of x of the flow ff t g t A ½0; 1 . Then we have
Proof. Let us show (i) in the case where L b is the leaf F b of ðF F ; F b jF F Þ which contains x 0 . The proof of the general case is similar.
Here ðF F ; FjF F Þ is a Lie foliation by Lemma 23 (ii). We take a connected Lie group G so that ðF F ; FjF F Þ is a G-Lie foliation. We can assume the simply connectedness of G as noted in the second paragraph of Section 3. 
Let p uniṽ
By (II) of Section 3 and the invariance of ðp uniṽ F F Þ Ã a under the p 1 ðF F ; x 0 Þ-action onF F univ , we have
for g in p 1 ðF F ; x 0 Þ, where R holðgÞ : G ! G is the right multiplication map by holðgÞ. Let H be the closure of the image of hol in G. Note that H is a proper subgroup of G if the leaves of ðF F ; FjF F Þ are not dense by (II) in Section 3. It follows from (32) that
for every g in H.
In the sequel, for a path g inF F , we denote a lift of g toF F univ by g univ . By (33), we have
Let g be a closed path onF F whose endpoints are x 0 . We denote the element of p 1 ðF F ; x 0 Þ represented by g by the same symbol g. Let X g be the left invariant vector field on G such that exp X g ¼ holðgÞ. Let X univ g be a lift of X g toF F univ which is invariant by the action of hol À p 1 ðF F ; x 0 Þ Á . Let X g be the vector field onF F whose lift toF F univ is X univ g . Let g x be the orbit of x inF F of the flow ff t g t A ½0; 1 generated by X g . It follows that dev Ã g univ x is an orbit of the flow generated by X g from the definition of X g and g x . Hence we have
We take the lifts g univ and g univ x 0 of g and g x 0 toF F univ so that g univ ð0Þ ¼ g univ
x 0 ð0Þ ¼ x univ 0 , respectively. Then, by (9) and (35), we have
Since G is simply connected, (34), (36), (37) and Stokes' theorem imply
It follows from (35) and dev À g univ
If g and x are contained in F b , then we can take g univ x so that dev À g univ x ð0Þ Á is contained in H. By using (34), (39), (33) and (34), in this order, we have
Since X g satisfies the condition of X in the statement of Lemma 24, we have 
But since the leaves of ðF b ; Fj F b Þ are dense, h is constant. Then we have a ¼ dh ¼ 0, which completes the proof of (i).
In the following five paragraphs, we will show
for every point x onF F .
Let us show that ½a in H 1 ðF F ; RÞ is contained in the image of
where p b : M ! M=F b is the basic fibration of ðM; FÞ. Since a is basic with respect to F, we have f Ã a ¼ a for a di¤eomorphism f which maps each leaf of F to itself. Each leaf L of F is dense in the leaf L b of F b jF F which contains L. Hence the orbits of the group of di¤eomorphisms which map each leaf of F to itself is dense in
The path g x may not be closed in general. But let us show that ðp b Þ Ã g x is closed, where p b : M ! M=F b is the basic fibration of ðM; FÞ. Let H be the Lie subgroup of G defined by the closure of hol À p 1 ðF F ; x 0 Þ Á . The structural Lie algebra of the Lie foliation ðF b ; Fj F b Þ is LieðHÞ, and hence dim H ¼ codðF b ; Fj F b Þ. By the equivariance of the developing map in (9), the map dev :F F univ ! G induces a map dev G=H :F F ! G=H. Furthermore, dev G=H induces a map $ :F F =F b ! G=H. Since $ is a submersion between two manifolds of the same dimension, $ is a covering map. Since $ is injective as easily confirmed, $ is a di¤eomorphism.
Let X b be a vector field onF F =F b induced from X g . Let X G=H be a vector field on G=H induced from a vector field X g on G. By definition of X g and X g , we have
Recall that g x is the orbit of x of the flow ff t g 0ete1 generated by X g from time zero to time one. Thus ðp b Þ Ã g x is the orbit of x of the flow generated by X b from time zero to time one. By (44), $ maps an orbit of the flow generated by X b from time zero to time one to an orbit of the flow on G=H generated by the vector field X G=H from time zero to time one. Here the time one map of the flow generated by X G=H is the identity, because this map is induced by the time one map of the flow on G generated by X g , which is the right multiplication map by an element of hol À
The homology class determined by ðp b Þ Ã g x inF F =F b is independent of x. This is because g x and g y are bounded by a 1-parameter family of closed paths onF F =F b of the form fg lðsÞ g 0ese1 , where l is a path onF F such that lð0Þ ¼ x and lð1Þ ¼ y for every two points x and y inF F =F b .
Thus, by the argument in the previous three paragraphs, the cohomology class ½a belongs to ðp b jF F Þ Ã À H 1 ðF F =F b ; RÞ Á , and ðp b Þ Ã g x determines the same homology class of F F =F b for every x. Hence (43) is proved. By (38), (41) and (43), we have Ð g a ¼ 0:
Hence (ii) is proved. r 5.4. Two lemmas on a fiber bundle over S 1 with fiberwise Lie foliations. We will show two lemmas to use in the next section. Note that ðF F ; F b jF F Þ is transversely orientable by the assumption of the orientability of bothF F and the basic fibration p b : M ! M=F b of ðM; FÞ.
Lemma 25. Assume that conditions (c) and (d) of Proposition 21 are satisfied. Let g : S 1 ! M be a smooth embedding in M. Assume that g is transverse to the fibers of pF F , and that pF F g is an embedding.
Then there exists a flat connection ' on pF F j M 0 which satisfies the following four conditions:
The holonomy map f :F F !F F of ' preserves the foliation F b jF F .
(B)
The holonomy map f of ' preserves a transverse volume form mF F =F b of ðF F ; F b jF F Þ.
(C) We denote the inverse map pF F gðS 1 Þ ! S 1 of pF F g by j. We define a section g 1 of pF F j M 0 by g 1 ¼ g j. Then g 1 is a section parallel to '.
(D) There exists a vector field Z ' such that the orbits of the flow generated by Z ' are parallel to ' and the restriction of o i ðZ ' Þ to each fiber of pF F is constant.
Proof. LetX X j be a section of TMj M 0 on M 0 such thatX X j is projected to X j by the canonical projection C y ðTMj M 0 Þ ! C y À ðTM=TFÞj M 0 Á for 1 e j e q. There exists a vector field Y tangent to F defined on g 1 ðS 1 Þ and functions h 1 ; h 2 ; . . . ; h q on S 1 such that
where ðDg 1 Þ t is the di¤erential map of g 1 at a point t. Let Y 0 be a vector field on M 0 which is tangent to F and whose restriction to g 1 ðS 1 Þ is equal to Y . We define a vector field Z ' on M 0 by
The restriction of Z ' to g 1 ðS 1 Þ is equal to the tangent vectors of g 1 by (46). Z ' is basic with respect to F and transverse to the fibers of pF F . We define a connection ' on pF F by the line field tangent to Z ' at each point on M 0 . It is trivial that ' is flat, because every connection on a fiber bundle over S 1 is flat.
Let us show that ' satisfies conditions (A), (B), (C) and (D). Here,X X j is basic with respect toF Fj M 0 by condition (d) of Proposition 21. Hence Z ' is also basic with respect tõ F Fj M 0 by definition. On a foliated manifold, the flow generated by a basic vector field maps leaves to leaves by Molino [19] , Proposition 2.2. Then the flow generated by Z ' also maps fibers of pF F j M 0 to fibers of pF F j M 0 . The time one map of the flow generated by Z ' mapsF F tõ F F itself. Since the orbits of the flow generated by Z ' are parallel to ' by definition, the time one map of the flow generated by Z ' is the holonomy of '. This proves that ' satisfies condition (D). Since the restriction of Z ' to g 1 ðS 1 Þ is equal to the tangent vectors of g 1 , condition (C) is satisfied. Since Z ' is basic with respect to F, the flow generated by Z ' maps the leaves of F to the leaves of F. Since the leaves of F b are the closures of the leaves of F, the flow generated by Z ' maps the leaves of F b to the leaves of F b . Hence f satisfies condition (A). By conditions (c) and (d) of Proposition 21 and Lemma 23 (ii), ðF F ; FjF F Þ is a Lie foliation. Let G be a connected Lie group such that ðF F ; FjF F Þ is a G-Lie foliation. We can assume the simply connectedness of G as noted in the second paragraph of Section 3. Let H be the Lie subgroup of G such that LieðHÞ is the structural Lie algebra of the Lie foliation ðF b ; Fj F b Þ. We denote the universal cover ofF F by
We recall the notation
and let
Note that dim G ¼ qF F and the codimension of H in G is equal to q b;F F . We regard À LieðGÞ=LieðHÞ Á Ã as a subset of LieðGÞ Ã consisting of the elements whose restriction to LieðHÞ is 0. Fix a basis fb 1 ; b 2 ; . . . ; b qF F g of LieðGÞ Ã so that fb 1 ; b 2 ; . . . ; b q b;F F g is a basis of À LieðGÞ=LieðHÞ Á Ã . Note that dev Ã G b j is p 1F F -invariant. Let b j be the 1-form onF F induced by the p 1F F -invariant 1-form dev Ã G b j onF F univ for 1 e j e qF F . Then the restriction of b j to each leaf ofF F is zero for 1 e j e q b;F F . Note that the Maurer-Cartan form of ðF F ; F b jF F Þ is given by the equation (29) . Hence, by (V) of Section 3, we can write
for each j for some constants b i j , 1 e i e qF F .
We define a transverse volume form
Since mF F =F b is closed, we have
Here we recall
Then b j ðZ ' Þ is also constant onF F . We can write db i as a sum of b j 5b k on M as
Then the restriction of c jk i toF F is constant by condition (c) of Proposition 21. Then there exists a constant C 0 such that
for every point x onF F . By (53) and (55), we have
for every point x onF F . In the same way, there exists a constant C t 0 such that
for every point x on p À1 F F ðtÞ for each t in pF F gðS 1 Þ. By (57), f satisfies
Hence C 1 is equal to 1, because C 1 is equal to the mapping degree of a di¤eomorphism f :F F =F b !F F =F b . It follows from (58) that ' satisfies condition (B). r A section of C y ð5 k T Ã FÞ is called a leafwise k-form on ðM; FÞ. If k ¼ dim F, a leafwise k-form is called a leafwise volume form on ðM; FÞ. The wedge product induces a natural operation C y ð5 k T Ã FÞ n C y À 5 q ðTM=TFÞ Ã Á ! C y ð5 qþk T Ã MÞ.
Lemma 26. Let g : S 1 ! M be a smooth embedding in M. Assume that g is transverse to the fibers of pF F , and that pF F g is an embedding.
. Fix a fiber F F of pF F j M 0 and a point x 0 onF F . Let ' be a flat connection on pF F j M 0 . Let f :F F !F F be the holonomy of the flat connection ' with respect to the path pF F g. For x onF F , let g '
x be the lift of the path pF F g to M 0 such that g x ð0Þ ¼ x and g '
x is parallel to '. Let a be a closed 1-form on M such that ½ajF
We assume that ' satisfies conditions (A), (B) and (C) in the statement of Lemma 25. Let volF F be a volume form onF F . Then we have
Proof. First, we shall show that there exists an isotopy ff s g s A ½0; 1 onF F such that
(iii) f s maps each leaf ofF F to itself, and (iv) f s fixes x 0 by the assumption and a leafwise version of Moser's argument in below. The leafwise version of Moser's argument was used by Ghys in [11] and by Hector, Macias and Saralegui in [13] . Let h F b be the leafwise volume form on ðF F ; F b jF F Þ such that
Since each leaf L b of F b jF F is compact and oriented by the assumption, f maps the fundamental class of L b to the fundamental class of f ðL b Þ. Then we have a leafwise ðdim
By adding a closed ðdim F b À 1Þ-form supported on an open neighborhood of x 0 to s, we can modify s so that s x 0 ¼ 0 and
Hence we have
Thus f f 1 preserves h F b . Here, f s maps each leaf ofF F to itself, because Y is tangent to leaves ofF F. Then clearly f 1 preserves the transverse volume form mF F =F b . Since f preserves mF F =F b by the assumption, we have by (61) and (63)
Hence f f 1 preserves volF F . Since s x 0 ¼ 0, we have Y x 0 ¼ 0. This implies that f s fixes x 0 .
Using ff s g s A ½0; 1 , we can construct a smooth family f' s g s A ½0; 1 of flat connections on pF F j M 0 such that ' 0 ¼ ' and the holonomy of ' s with respect to pF F g is f f s . Since each f s fixes x 0 , we can take f' s g s A ½0; 1 so that
for 0 e s e 1. For x inF F , let g ' 1 x be the lift of the path pF F g to M such that g x ð0Þ ¼ x and g x is parallel to ' 1 . We take a function h onF F so that dh
by Stokes' theorem. By the assumption on a, the restriction of h to each leaf of F b jF F is constant. Since f 1 f maps each leaf ofF F to itself, we have h À
for each point x onF F . Then we have
For each point x onF F , we have
by Stokes' theorem. We get
as follows:
where we used (65) in the first equality, (69) in the fourth equality and f Ã 1 f Ã volF F ¼ volF F in the last equality. The equation (60) follows from (68) and (70). r
We will show a lemma which will be used to complete the proof of Proposition 21 (ii). Note that a will be considered to be xðFÞ À ½k k b in the application in Section 5.6.
Lemma 27. Assume that conditions (a)-(d) of Proposition 21 are satisfied. Further assume that g 0 in p 1 ðM; x 0 Þ is represented by a smooth path l 0 0 : ½0; 1 ! M which factors a smooth embedding l 0 : S 1 ! M and is transverse to the fibers of pF F , and that pF F l 0 is a smooth embedding. Let a be a closed basic 1-form on ðM; FÞ which satisfies the following:
(ii) ajF F is exact.
(iii) For any submanifold M 0 of M which is a union of fibers of pF F , the equality
holds for the flow ff t g t A ½0; 1 generated by every vector field X such that o i ðX Þ is constant on each fiber of pF F for each i, where g x is the orbit of x of the flow ff t g t A ½0; 1 .
Proof. Let
M 0 is a submanifold of M which is a union of fibers of pF F by the assumption on g 0 . By condition (a), we have
By conditions (c), (d) and Lemma 25, there exists a flat connection ' on the fiber bundle M 0 ! K which satisfies conditions (A)-(D) in the statement of Lemma 25. By condition (D) and assumption (iii), we have
Since the assumptions of Lemma 26 are satisfied by conditions (A), (B) and (C), we have
for each t in K by Lemma 26. By condition (b) and Lemma 20, the volume of fibers of pF F is constant. By (74), (75) and (76), we have
Hence Lemma 27 is proved. r 5.6. Proof of Proposition 21 (ii). By the homotopy exact sequence of the fiber bundle pF F , we have an exact sequence
By Lemmas 22 and 24, we have k b j L b Àk k b j L b for every leaf L b of ðF F ; F b jF F Þ and ½k b jF F À ½k k b jF F ¼ 0. This implies that ½k b À ½k k b vanishes on the image of i. Then Lemma 27 implies Ð g ðk b Àk k b Þ ¼ 0 for g in p 1 ðM; x 0 Þ such that g is transverse to the fibers of pF F , and pF F g is an embedding.
Note that p 1 À M=F F; pF F ðx 0 Þ Á is generated by the loops of the form ðpF F Þ Ã g where g runs on all of the closed paths satisfying these two conditions. Hence we have ½k b ¼ ½k k b in H 1 ðM; RÞ.
Continuity of the Á lvarez classes
We will show Theorem 1 for smooth families of orientable transversely parallelizable foliations using Proposition 21. We will use the notation of Definition 12 (ii).
A family version of Molino theory.
Let U be a connected open set in R l which contains 0. Let M be a closed manifold, and fF t g t A U be a smooth family of orientable transversely parallelizable foliations of M over U given by a smooth foliation F amb of M Â U. We define a distribution D on M Â U by
where C y b ðM Â U; F amb Þ is the space of basic functions on ðM Â U; F amb Þ. By the standard argument of Molino theory on D, we shall obtain the following properties of D similar to the properties of the basic foliation of transversely parallelizable foliations:
Lemma 28. (i) ðM Â U; F amb Þ is fiberwise transitive, that is, for each two points ðx; tÞ and ðy; tÞ in M Â U with the same second coordinates, there exists a di¤eomorphism f of M Â U which preserves F amb and satisfies f ðxÞ ¼ y.
(ii) The dimension of D ðx; tÞ is independent of x.
(iii) Dj MÂftg is integrable, and we have a foliation D t of M Â ftg defined by Dj MÂftg .
(iv) The leaf space ðM Â ftgÞ=D t is a closed manifold and the canonical projection M Â ftg ! ðM Â ftgÞ=D t is a smooth fiber bundle with compact fibers for each t.
Proof. Fix t 0 on U. LetX X j amb be a vector field on M Â U which is projected to X j amb by the canonical projection C y ðTMÞ ! C y ðTM=TFÞ. By the compactness of M, for a relative compact open neighborhood U 0 of t 0 in U, eachX X i amb generates a flow ff s i g s A R on M Â U 0 . By the proof of Theorem 4.8 of Moerdijk and Mrčun [18] , for each two points ðx; t 0 Þ and ðy; t 0 Þ in M Â ft 0 g, there exists a di¤eomorphism f of M Â ft 0 g which is a composition of f s 1 1 j MÂft 0 g ; f s 2 2 j MÂft 0 g ; . . . ; f sj MÂft 0 g for some s i and di¤eomorphisms of M Â ft 0 g preserving each leaf of F t 0 whose supports are contained in a foliated chart of F t 0 . Since X i amb is basic with respect to ðM Â U 0 ; F amb Þ, f s i i preserves F amb . We can extend di¤eomorphisms of M Â ft 0 g which preserve each leaf of F t 0 and whose supports are contained in a foliated chart of F t 0 to di¤eomorphisms of M Â U 0 preserving each leaf of F amb . Then f extends to a di¤eomorphism of M Â U 0 preserving F amb as a composite of f s 1 1 ; f s 2 2 ; . . . ; f sand di¤eomorphisms of M Â U 0 preserving each leaf of F amb . This proves (i).
Properties (ii), (iii) and (iv) follow from (i) and the proof of Theorem 4.3 of Moerdijk and Mrčun [18] . We write down the proof for the sake of completeness. Since Dj MÂU 0 is preserved by a di¤eomorphism of M Â U 0 preserving F amb by definition, (ii) directly follows from (i). Let ðx; t 0 Þ be a point on M Â ft 0 g. By (ii), Dj MÂft 0 g is a vector bundle on M Â ft 0 g. Let Z 1 and Z 2 be two local sections of Dj MÂft 0 g defined near ðx; t 0 Þ. For every f in C y b ðM Â U; F amb Þ, we have ½Z 1 ;
Then ½Z 1 ; Z 2 is a section of Dj MÂftg . Hence Dj MÂftg is integrable, which proves (iii). Let L be a leaf of the foliation defined by Dj MÂft 0 g . Let x be a point in L. Let kðt 0 Þ ¼ dim M À dim D t 0 . By definition of D, there exist basic functions f 1 ; f 2 ; . . . ; f kðt 0 Þ on ðM Â U; F amb Þ such that
Then is a submersion such that one of the fibers of f is equal to L. Shrinking U 0 , we can assume that the fibers of f are connected. Since each fiber of f is saturated by D t , each leaf of D t near L coincides with a fiber of f. Then f gives a local trivialization of a fiber bundle. Hence (iv) is proved. r
Since D is a closed subset of TðM Â UÞ by definition of D, the dimension of D ðx; tÞ is upper semicontinuous with respect to t. If the dimension of D ðx; tÞ is constant with respect to t, then the leaves of D are fibers of a smooth submersion whose restriction to M Â ftg is equal to the canonical map M Â ftg ! ðM Â ftgÞ=D t for each t. In this case, the continuity of the Á lvarez class follows without Proposition 21 (see Example 7.1). When the dimension of D jumps, we have only a family of smooth proper submersions defined by D which changes discontinuously with respect to t.
Verification of the conditions of Proposition 21.
Let U be a connected open set in R l which contains 0. Let M be a closed manifold, and fF t g t A U be a smooth family of orientable transversely parallelizable foliations of M over U given by a smooth foliation F amb of M Â U. We define a distribution D on M Â U by (79). By Lemma 28 (iv), Dj MÂftg defines a foliation D t of M Â ftg whose leaves are fibers of a submersion. We denote the projection M Â f0g ! ðM Â f0gÞ=D 0 by p 0F F .
To apply Proposition 21 to our situation, we prepare two lemmas. This f x is a submersion, because df x1 5df x2 5Á Á Á5df xk has no zero on V x . We can assume that the fibers of f x are connected after shrinking V x . Let
Since the fibers of f x are connected, L z is unique. We define a map by
c x is a smooth submersion which maps each leaf of F t to a point. Note that c x j MÂf0g is the restriction of the projection p 0F F to M Â f0g by definition. It follows that c x j MÂftg is a submersion, because c x j MÂftg is of the same rank as c x j MÂf0g . By the compactness of M, there exists a finite set of points fx j g n j¼1 such that
V 0 x j . Let fr j g n j¼1 be a partition of unity on ðM Â f0gÞ=D 0 with respect to a covering È p À V 0 x j X ðM Â f0gÞ ÁÉ n j¼1 . We fix a smooth embedding i : M Â f0g ! R m to the m-dimensional Euclidean space. We define a map C 1 by
Note that each leaf of F t is mapped to a point by C 1 by definition. Cj MÂf0g is equal to j p 0 D by definition. Since c x j MÂftg is a submersion to ðM Â f0gÞ=F F and i is an embedding, there exists an open neighborhood U 2 of 0 in U 1 such that C 1 j MÂftg is a map of constant rank for every t in U 2 . Hence C 1 ðM Â ftgÞ is a smooth submanifold of R m , and C 1 j MÂftg is a smooth submersion on the image for t in U 2 . There exists an open neighborhood U 0 of 0 in U 2 such that C 1 ðM Â ftgÞ is the image of a section of the normal bundle in a tubular neighborhood W of iðM Â f0gÞ for every t in U 0 . We denote the projection W ! iðM Â f0gÞ of the tubular neighborhood by p W . Let p amb F F ¼ p W j C 1 j MÂU 0 . Then p amb F F is a submersion and an extension of p 0F F which satisfies the given conditions. r Let p tF F ¼ p amb F F j MÂftg for t in U 0 . We writeF F t for a foliation of M Â ftg defined by the fibers of p tF F .
Lemma 30. There exists a smooth family fg t g t A U 0 of Riemannian metrics on M such that (i) g t is bundle-like with respect to both ðM; F t Þ and ðM;F F t Þ, and (ii) the leaves ofF F t are minimal submanifolds of ðM Â ftg; g t Þ for each t in U 0 .
In particular, conditions (a) and (b) of Proposition 21 are satisfied by M Â f0g, F 0 , F F 0 and g 0 .
Proof. It is well known that a Riemannian foliation G on a closed manifold N defined by a proper submersion is minimizable; for example, see Haefliger [12] , Corollary 2. Then there exists a Riemannian metric g amb 1 on M Â U 0 which is bundle-like with respect to the foliation defined by the fibers of pF F and each leaf ofF F is a minimal submanifold of ðM Â U 0 ; g amb 1 Þ. Let g t 1 ¼ g amb 1 j MÂftg . Then the leaves ofF F t are minimal submanifolds of ðM Â ftg; g t 1 Þ. Letw w t be the characteristic form of ðM Â ftg;F F t ; g t 1 Þ. We can take a family of metrics fg t 2 g t A U on a family of vector bundles TðM Â ftgÞ=TF t G ðTF t Þ ? on M such that g t 2 is transverse with respect to both F t andF F t . We can extend the family of metrics fg t 2 g t A U on fðTF t Þ ? g t A U to a family of Riemannian metrics fg t g t A U on M so that the characteristic form of ðM;F F t ; g t Þ is equal tow w t . Then g t is bundle-like with respect to both F t andF F t . By Rummler's formula (see the second formula in the proof of Proposition 1 in Rummler [24] or Candel and Conlon [4] , Lemma 10.5.6), the mean curvature form of a Riemannian manifold with a foliation is determined only by the characteristic form and the orthogonal complement of the tangent bundle of the foliation. Since the characteristic form of ðM Â ftg;F F t ; g t Þ is equal to w t , the leaves ofF F t are minimal submanifolds of ðM Â ftg; g t Þ. r
We will confirm that conditions (c) and (d) of Proposition 21 are satisfied in the present situation. Proof. Let fo i g q i¼1 on ðM Â U; F amb Þ be the set of basic 1-forms on ðM Â U; F amb Þ such that o i ðX j amb Þ ¼ d ij , where d ij is the Kronecker delta. do i is written as
for some functions c jk i on M Â U. We have
Since do i and each o j are basic forms and X j amb is a transverse field on ðM Â U; F amb Þ, c jk i is a basic function on ðM Â U; F amb Þ. Hence the restriction of c jk i to each fiber ofF F 0 is a constant by definition of D. This proves that condition (c) is satisfied.
Let b be a 1-form on ðM Â f0gÞ=F F 0 . Then p ÃF F b is a basic 1-form on ðM Â U; F amb Þ. It follows that p ÃF F bðX i amb Þ is a global basic function on ðM Â U; F amb Þ. Hence the restriction of p ÃF F bðX i amb Þ to each fiber ofF F 0 is a constant by definition of D. Hence the image of X i amb j MÂf0g by the canonical projection
is a transverse field on ðM Â f0g;F F 0 Þ. This proves condition (d). r 6.3. Proof of the Continuity Theorem 1. Let M be a closed manifold and fF t g t A U be a smooth family of transversely parallelizable foliations of M over U. We consider the distribution D defined by the equation (79). By Lemma 28, a proper submersion p 0F F : M Â f0g ! ðM Â f0gÞ=D 0 is defined by the restriction of D to M Â f0g. By Lemma 29, we can take an open neighborhood U 0 of 0 in U and a proper submersion p amb
F and each fiber of pF F j MÂftg is saturated by the leaves of F t for each t in U 0 . We denote the foliation of M Â ftg defined by the fibers of pF F j MÂftg byF F t . By Lemma 30, we take a smooth family of metrics fg t g t A U 0 on M such that the fibers of p tF F are minimal submanifolds of ðM Â ftg; g t Þ, and g t is bundle-like with respect to both ðM; F t Þ and ðM;F F t Þ for each t in U 0 . We denote the mean curvature form and the Á lvarez form of ðM; F t ; g t Þ by k t and k t b , respectively. We definek
Let us show Theorem 1 by using Proposition 21 and Corollary 4.23 of Domínguez in [5] .
In fact, by [1] , Proposition 5.3, we can modify the component g t j TF t nTF t along the
converges to 0 as t goes to 0 here. Note that Ð g ðk k t b À k t Þ may not converge to 0 as t goes to 0 in this situation. This is because k t b is defined by integrating the mean curvature form on each leaf closure of Let fF t g t A T be a family of Riemannian foliations on a closed manifold M. If the dimension of the closures of generic leaves of F t is constant with respect to t, then the family of Molino's commuting sheaves of fF t g is smooth (see Molino [19] , pp. 125-130 and Section 5.3, for the definition of Molino's commuting sheaf of a Riemannian foliation). Since the Á lvarez class of ðM; F t Þ is computed from the holonomy homomorphism of Molino's commuting sheaf of ðM; F t Þ by Á lvarez Ló pez [2] , Theorem 1.1, the Á lvarez classes of this family are continuous with respect to t. Our main continuity Theorem 1 is essential in the case where the dimension of the closures of leaves changes. If the dimension of the closures of leaves changes, we cannot prove the continuity of the Á lvarez class as above or directly by an application of deformation theory to Molino's commuting sheaves. In fact, the family of Molino's commuting sheaves must be discontinuous in this case, because the rank of Molino's commuting sheaf is equal to the dimension of the closures of generic leaves of F t .
Families of homogeneous Lie foliations.
Let p : L ! G be a surjective homomorphism between Lie groups. Let G be a uniform lattice of L. A foliation F on a homogeneous space GnL is induced by the fibers of p. This F has a structure of a G-Lie foliation. Such F is called a homogeneous G-Lie foliation. By deforming L, G, p and G, we may produce families of homogeneous Lie foliations. The Á lvarez class is computed in terms of Lie theory by the interpretation of the Á lvarez class as a first secondary characteristic class of Molino's commuting sheaf by Á lvarez Ló pez [2] , Theorem 1.1. But the author does not know an example of a family of Riemannian foliations whose Á lvarez classes change non-trivially obtained in this way. In many cases, the Á lvarez class does not change as we will see in the following. If G is nilpotent, then F is of polynomial growth. Then the Á lvarez class does not change under deformations of F by Corollary 3. If L is solvable, then G is polycyclic (see Raghunathan [22] , Proposition 3.7). Then the Á lvarez class does not change under deformations of F by Corollary 3. If G is semisimple, the structural Lie algebra of the Lie foliation defined on the closure of leaves of F is semisimple. Then F is minimizable by Nozawa [21] , Theorem 2.
Meigniez's examples:
Families of solvable Lie foliations. Meigniez [16] constructed plenty of families of solvable Lie foliations which are not homogeneous by a surgery construction on homogeneous Lie foliations (see also [17] , in particular, pp. 119-122 for an explicit example). These families contain many examples of families of Lie foliations whose Á lvarez classes change non-trivially.
Basic cohomology of Riemannian foliations is not invariant under deformations.
We present an example of a family of Riemannian foliations whose basic cohomology changes. Let M ¼ S 1 Â S 3 . Let s be the free S 1 -action on S 3 whose orbits are fibers of the Hopf fibration. Let r be the T 2 -action on M which is the product of the principal S 1action on the first S 1 -component and s. For each element v of LieðT 2 Þ À f0g, let F v be the Riemannian flow on M whose leaves are the orbits of an R-subaction of r whose infinitesimal action is given by v. Then we have a smooth family fF v g v A LieðT 2 ÞÀf0g of Riemannian flows on M. Let v 1 and v 2 be the infinitesimal generators of the principal S 1 -action on the first S 1 -component and s, respectively. Since M=F v 1 ¼ S 3 [26] ), because F 0 has a tangent homology defined by the Reeb component. Note that F 0 is a limit of 1-dimensional foliations on T 2 which are diffeomorphic to F 1 . Thus we have a family of 1-dimensional foliations on T 2 parametrized by ½0; 1 such that only F 0 is not minimizable.
F 0 F 1 8.2. Deformation of an example of Candel and Conlon. We present an example of a family fF t g t A ½0; 1 of 1-dimensional foliations on S 3 such that F 0 is not minimizable and F t is minimizable if t is non-zero. In a similar way, we will construct a family fH t g t A ½0; 1 of 1-dimensional foliations on S 3 such that H 1 is minimizable and H t is minimizable if t is not equal to 1. Here F 0 and H 0 are the example constructed by Candel and Conlon [4] , Example 10.5. 19 . These examples show that the minimizability is neither open nor closed in families of foliations in general.
We restate the construction of the example F 0 of Candel and Conlon here. We consider the 2-dimensional product foliation S 1 Â D 2 ¼ F t A S 1 ftg Â D 2 on the solid torus. Turbulizing this product foliation around the axis S 1 Â f0g, we obtain a singular foliation S on S 1 Â D 2 whose leaves are trumpet-like surfaces and the axis S 1 Â f0g. We foliate S 1 Â D 2 by a 1-dimensional foliation G 0 so that each leaf of S is saturated by leaves of G 0 and the leaves of G 0 are transverse to the boundary of the solid torus. We obtain a foliation F 0 on S 3 by pasting two copies of ðS 1 Â D 2 ; G 0 Þ. Candel and Conlon [4] , Example 10.5.19, showed by a theorem of Sullivan that this ðS 3 ; F 0 Þ is non-minimizable.
We construct F t for non-zero t in ½0; 1. Let L 1 and L 2 be two closed leaves of F 0 which are axes of solid tori. For t in ½0; 1, let F t be the smooth foliation obtained from F 0 by replacing both L 1 and L 2 by solid tori K t 1 and K t 2 of radius t with the product foliation
S 1 Â fxg for i ¼ 1 and 2. Thus we have a smooth family fF t g t A ½0; 1 of 1-dimensional foliations on S 3 . ðS 1 Â T 2 ; G 0 Þ after inserting a solid torus
We can decompose S 3 into F t -saturated subsets K t 1 , K t 2 and T 2 Â ½0; 1. Let ðy 1 ; y 2 ; sÞ be the coordinates on T 2 Â ½0; 1 such that y 1 parametrizes a meridian of K t 1 and a longitude of K t 2 , and y 2 parametrizes a meridian of K t 2 and a longitude of K t 1 .
By the construction, we can construct F t so that the leaves of F t are transverse to a 1-form dy 1 þ dy 2 on T 2 Â ½0; 1.
By the Rummler-Sullivan criterion, let us show the following result:
Proposition 32. F t is minimizable for non-zero t in ½0; 1.
Proof. By the Rummler-Sullivan criterion (see Sullivan [25] ), F t is minimizable if and only if there exists a 1-form w on S 3 such that wj TF t has no zero and dwj TF t ¼ 0.
We take the decomposition of S 3 into F t -saturated subsets
as above. We take a coordinate ðy 1 ; y 2 ; sÞ on T 2 Â ½0; 1 as noted in the paragraph previous to Proposition 32. We assume that F t is transverse to dy 1 þ dy 2 on T 2 Â ½0; 1, while F t j K t i is the product foliation on a solid torus for i ¼ 1 and 2. Let A i be the axis of K t i . We can extend y 1 from T 2 Â ½0; 1 to S 3 À A 1 so that y 1 is the composite of a di¤eomorphism S 3 À A 1 G S 1 Â D 2 and the first projection S 1 Â D 2 ! S 1 , and dy 1 is transverse to F t on S 3 À K t 2 .
We extend y 2 to S 3 À A 2 in a similar way.
